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Abstract 

We model a market in which nonstrategic vendors sell items of different types and offer bundles at 
discounted prices triggered by demand volumes. Each buyer acts strategically in order to maximize her 
utility, given by the difference between product valuation and price paid. Buyers report their valuations 
in terms of prices on sets of items, and might be willing to pay higher prices in order to subsidize other 
buyers and to trigger discounts. The resulting price discrimination can be interpreted as a redistribution 
of the total discount. We consider a notion of stability that looks at unilateral deviations, and show 
that efficient allocations - the ones maximizing the social welfare - can be stabilized by prices that 
enjoy desirable properties of rationality and fairness. These dictate that buyers pay higher prices only to 
subsidize others who contribute to the activation of the desired discounts, and that they pay premiums 
over the discounted price proportionally to their surplus - the difference between their current utility and 
the utility of their best alternative. Therefore, the resulting price discrimination appears to be desirable to 
buyers. Building on this existence result, and letting N, M and c be the numbers of buyers, vendors and 
product types, we propose a 0{N 2 +NM c ) algorithm that, given an efficient allocation, computes prices 
that are rational and fair and that stabilize the market. The algorithm first determines the redistribution 
of the discount between groups of buyers with an equal product choice, and then computes single 
buyers’ prices. Our results show that if a desirable form of price discrimination is implemented then 
social efficiency and stability can coexists in a market presenting subtle externalities, and computing 
individual prices from vendor prices is tractable. 

I. Introduction 

We model a market in which vendors offer items of different types, and each buyer is interested 
in purchasing a unit of each type, possibly from different vendors. Vendors are nonstrategic, 
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supplies are unlimited and each vendor has a price for each item. Moreover, each vendor has a 
discount schedule according to which the bundle of all items is offered at discounted price if her 
demands exceed given thresholds. In this work, we assume that only buyers who buy all product 
types from a single vendor (i.e., a bundle) can enjoy a discounted price. This can be seen as an 
incentive to loyal customers who buy from a single vendor who can sustain lower sale prices 
only in an economy of scale. Buyers play strategically and each selfishly tries to maximize her 
utility, given by the difference between the perceived value of the products and the price paid. A 
buyer might have different valuations of a given product type offered by two different vendors 
(as in the case of TVs of different brands). Buyers report their valuations in terms of prices 
on sets of items, and might be willing to pay higher prices in order to subsidize other buyers 
and to trigger discounts. Buyers who do not purchase any bundle (i.e., who buy from several 
vendors) also contribute to the activation of discounts by increasing demand. The resulting price 
discrimination can be interpreted as a redistribution of the total discount, a form of cooperation 
between buyers. In general, price discrimination is known to increase market efficiency and 


to allow optimal resource allocation [Phlips( 1983)|, [Shapiro and Varian(2013)], [Varian(1989)], 


[Varianf 1996)], and we investigate it in a context presenting subtle externalities between buyers’ 
choices. To illustrate the potential benefit of the proposed pricing scheme, consider a buyer who 
desires the bundle from a certain vendor at a discounted price. In order to trigger the discount, 
she might be willing to pay a higher price in order to subsidize other buyers and induce them 
to purchase from the same vendor (as they would otherwise prefer other vendors). 

We focus our attention on market configurations, or allocations, that maximize the social 
welfare. These cannot be sustained in general, as buyers might prefer to deviate, and therefore 
we assume that buyers can pay prices that are different between each other. Given an allocation 
and prices, we introduce a notion of stability that looks at unilateral deviations by buyers. 
The proposed notion of stability is suitable for a setting in which prices are determined by 
buyers’ choices and buyers cannot enjoy discounts after deviation. This assumption is in line with 
common group buying platforms, where buyers are given limited time to sign up to a discount 
offer. Moreover, we assume a scenario where communication and coordination between buyers 
is mediated by a central entity (e.g., an online setting in which buyers are allowed to set the 
maximum prices they are willing to pay for given sets of items). Given a market configuration, 
we ask whether there exist prices such that no buyer wants to deviate. 
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The proposed pricing scheme models an on-line market in which buyers indicate their willing¬ 
ness to pay for products from different vendors, which in turn offer discounts if enough people 
sign up. As such, it is related to “deal-of-the-day” on-line purchasing, made popular by Groupon 
and Living Social, in which sellers offer discounted gift certificates that become valid if enough 
people sign up to the deal. In addition, in on-line shopping platforms such as Ebay, buyers 
specify the maximum amount they are willing to pay for a product. According to our model, 
each buyer prefers the set of products with the higher difference between her valuation and 
the price, and buyers might be willing to pay prices that are different between each other (i.e., 
redistribute the total discount) in order to trigger deals. Even if the selling price of a product is 
higher than her valuation, a buyer might be willing to purchase it if offered a lower personalized 
price (i.e., somebody else bears part of the cost). Similarly, if a buyer’s valuation of a product 
choice is high enough with respect to a discounted price, then she might be willing to pay a 
higher price to decrease the effective price of other buyers and induce them to buy - contributing 
to the activation of the discount. In such a scenario, a stable assignment of buyers to vendors 
and the final buyers’ prices must be computed in a centralized fashion. 

Given an allocation that maximizes social welfare, it is trivial to prove the existence of prices 
such that no buyer is unilaterally willing to deviate from her current product choice. However, 
arbitrary prices might be undesirable for buyers, and we look at prices that enjoy additional 
properties of rationality and fairness. Rationality dictates that only buyers who benefit from 
discounts might pay higher prices to subsidize other buyers, and only in order to subsidizes 
buyers who purchase (at least one item) from the same vendor (as they might be necessary 
to trigger the discount). This is motivated by the willingness of each buyer to subsidize only 
buyers she benefits from. Fairness dictates that buyers pay premiums over the discounted price 
proportionally to their surplus, that is, the difference between their current utility and the utility 
of their best alternative. In order to motivate this notion of fairness, observe that it might be 
undesirable for a buyer to pay a disproportionately large amount of the subsidy needed by the 
buyers she benefits from if there are other buyers willing to contribute (although, from the strict 
point of view of stability, a buyer might be willing to give up her entire surplus regardless of 
the behavior of others). 

Summary of results: In Section HU after introducing the model, we establish a correspon¬ 
dence between buyers’ prices and transfers of utility between buyers. In Section Hill we show 
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that, given any allocation that maximizes the social welfare (or SWM allocation), there exist 
rational prices that stabilize it (Theorem Q] and Corollary Q] in Section Hill). This means that efficient 
allocations are also stable up to suitable prices (the price of stability is one, a property that is not 
always observed in games [Hackson and Wolinsky(1996)) , [Roughgarden and Tardos(2007)J). To 
prove this, we partition buyers according to their choices and surplus: on one side, groups of 
“rich” buyers getting the same discounted bundle and with a positive surplus (i.e., willing to 
pay higher prices in order to subsidize other buyers); on the other side, groups of “poor” buyers 
with the same product choice and negative surplus (i.e., in need of additional discount). Then, 
we show that there are “rational” transfers between groups of buyers such that: each rich group 
subsidize poor groups with at least one vendor in common; each rich group transfer at most their 
available surplus; and each poor group receive the necessary subsidy. Group transfers can be 
interpreted as a redistribution of discounts between groups, and can be translated into rational 
and stabilizing buyers’ prices. This existence result constitutes the main contribution of this 
work, and its proof is based on the construction of a graph which encodes the transfers between 
groups of buyers and has no edges if and only if the property of rationality is satisfied. 

In Section HV] we show how prices that are rational and fair and stabilize the market can 
be efficiently computed given a SWM allocation. First, transfers between group of buyers are 
computed via the Ford-Fulkerson algorithm for the maximum flow on a network such that 
rational group transfers and feasible flows are in one-to-one correspondence (Section IIV-AI) . 
Then, rational and fair prices who stabilize the SWM allocation are computed (Section IIV-BI) . 
For a market with N buyers, M vendors and c product types, group transfers are computed in 


time 0(M c T) fl where T is the total subsidy needed. If prices and buyers’ valuations do not 
depend on N and M, this is 0(NM c ). Buyers’ prices are computed from group transfers in 
additional time 0(N 2 + NM C ~ X ), for a cumulative time of 0(N 2 + NM C ). If the number of 
vendors is constant (or grows as M c = 0{N)) then the overall complexity is dominated by the 
N 2 term. 

Section [V] deals with the computation of SWM allocations. A natural approach consists 


'Consider two functions f(x) and g(x) of a vector x = (xi,... ,i„). We say that f(x) = 0(g(x)) if there exist constants 
C > 0, m such that f(x) < Cg(x) for all x such that mini<j< n Xi > m. We say that f(x) = fl(g(x)) if there exist constants 
C > 0, m such that /( x) > Cg{x) for all x such that mini<i< n Xi > m. We say that /( x) = 0(g(x)) if both f(x ) = (D(g(x)) 
and f(x) = Q(g{x)). 
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in a mixed integer program, see [ Roth et al.(1993)Roth, Rothblum, and Vatefl , requiring time 
exponential in N and M, and whose relaxation is not guaranteed to have integral solutions (i.e., 
corresponding to valid allocations). Conditional on the number of buyers assigned to each pair 
of vendors, we compute a SWM allocation in time 0(A r2 M c ) via the Ford-Fulkerson algorithm 
for the maximum flow with minimum cost on a network such that maximum flows and feasible 
allocations are in one-to-one correspondence. Computing a SWM allocation requires to consider 
a number of cases of the order of N M °, and this term dominates the computational complexity. 
Getting rid of the exponential dependency on M does not seem possible, due to the theoretical 
hardness of the problem. However, the overall time complexity is polynomial in N, and usually 
M can be assumed much smaller than N or even constant. 


Related work: Online retailing has seen a continuous growth during the last two decades |Laudon and Trave 
“Deal of the day” websites such as Groupon and Living Social have introduced a new form of 
buying, in which enough buyers must sign up for a deal to be valid. An overview of the literature 


on group buying in the web is given by Anand and Aron [Anand and Aron(2003)| and by Kauff¬ 


man and Walden [Kauffman and Walden(2001)[. Cai et al. [Cai et al.(2013)Cai, Mahdian, Mehta, and Waggone 


frame the market design problem associated to daily deals. Chen et al. [Chen et al.(2010)Chen, Kauffman, Liu, a 
show that group buying is more effective when low-valuation demand is larger than high- 


valuation demand. Matsuo et al. [Matsuo et al.(2005)Matsuo, Ito, and Shintani] and Prashanth 


and Narahari [Prashanth and Narahari(200S proposed efficient allocation mechanisms for group 


buying in the presence of volume discounts. Yamamoto and Sycara [Yamamoto and Sycara(2001) | 


and Li et al. [Li et al.(2005) Li, Chawla, Rajan, and Sycara] proposed mechanisms for coalition 
formation in the context of group buying, based on transferable utility. 

The present paper is related to an established body of literature on price discrimination, a prac¬ 


tice that has become increasingly popular after the advent of online markets [Laudon and Tr aver( 2007)[. 
The pricing mechanism we propose consists in two levels of price discrimination. On the one 
hand, sellers offer discounted prices only on bundles of products. Bundling has long been used 
as a technique to implement and conceal price discrimination, determined by buyers’ choice 


and therefore not resulting in privacy loss i Qdlyzko(2003)| . On the other hand, final buyers’ 
prices result from a possibly unequal redistribution of the total discount, according to which 
buyers might pay different prices even if they buy the same products. This redistribution of the 
discount is what allows social efficient allocations to be maintained. In general, price discrim- 
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ination is considered a desirable practice that increases market efficiency and allows optimal 


resource allocation [ |Phlips( 1983)p , HVarian( 1989)1 , [ |Varian( 1996)1 , [ [Shapiro and Varian(2013)l . 
The simple idea at its basis is to charge higher prices to buyers who are willing to pay 
more (as they have a higher valuation of the products). Even if buyers might be in general 
reluctant to disclose their valuations, such information can be inferred via technology that is 


standard in online retailing, often at the expense of individual privacy [Odlyzko(2003)|. For 
example, an individual’s willingness to pay can be inferred from her purchase history or from the 


attributes she might choose to disclose [Acquisti and Varian(2005) |. Price discrimination online 


can be detected [Mikians et al.(2012)Mikians, Gyarmati, Erramilli, and Laoutaris], and raised 


concern in some case | Heffernan(2010)]. A review of the literature on behavior-based price 


discrimination is provided by Fudenberg and Villas-Boas [Fudenberg and Villas-Boas(2006)]. 
Buyers’ reluctancy to disclose personal information and other concerns with price discrimination 
might be overcome by the guarantee of reaching more efficient resource allocations. In particular, 
we focus on a form of price discrimination (through a redistribution of the available discount) 
that satisfies a desirable property of rationality, according to which a buyer is willing to give 
up part of the discount she deserves only in order to support buyers whose choice she benefits 
from. 


When externalities are present in the market, stability often becomes problematic [Hatfield and Milgrom(2005 


[ Sasaki and Toda(1996)| . In the context of group buying, the externalities are the numbers 
of buyers purchasing each product from each vendor, as they determine who benefits from 
discounts. Due to the interdependencies between buyers’ choices and utility, only specific as¬ 
sumptions can guarantee the existence of configurations such that no coalition of buyers can 


increase their total utility by deviation [ Osborne and Ru binste in( 1 994)| ]. This is the case when 
buyers have no preferences over vendors and there are no discounts (considered by Huevel 


et al. [Heuvel et al.(2007)Heuvel, Borm, and Hamers]), or when preferences derive from trans¬ 
portation costs and either there are no discounts or there are discounts but all buyers buy from 


the same vendor (considered by Chen Chen(2009)[). In general situations, when discounts and 
preferences are both present, notions of stability that consider unilateral deviation are considered. 


Our model is closely related to Fu and Boutilier [Fu and Boutil ler(2012)| ], in which multiple 
vendors sell a single type of product and post discounts at increasing demand volumes. They 
consider markets with transferable and non-transferable utility, showing that several notions of 
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stability (looking at unilateral deviation) can be guaranteed on both. In particular, in the case 
of transferable utility, stability and efficiency coexist. Our work builds on the model by Lu 
and Boutilier [ |Lu and Boutilier(2012)[ , and the novelty of our contribution is twofold. First, we 
extend the model to a more general case of multiple products on the market and to the possibility 
for vendors to activate discount on bundles of items rather then single items. As discounts can be 
triggered by buyers who do not necessarily benefit from them, proving the existence of (rational) 
prices that stabilize the market is nontrivial, and it is accomplished in the present work through a 
graph theoretical argument (see Section Hill). Second, we also consider the computational side of 
stability, by proposing a simple and efficient algorithm to compute prices that stabilize the market 
and enjoy desirable properties of rationality and fairness. In particular, fairness of buyers’ prices 
dictates that no buyer pays disproportionally large subsidies. Our model, results and algorithms 


include the single-item market by Lu and Boutilier [Lu and Bouti lier(20 12)| as a special case. 

In the present work, we only consider the point of view of buyers and assume that pricing 
schedules of vendors are fixed. Research on supply chain management suggests that posting 


volume discounts increases efficiency from the vendors’ point of view [Lai and Staelinf 1984)], 


|Monahan(1984) |. In the context of group buying, Meir et al. [Meir et al.(2014)Meir, Lu, Tennenholtz, and Bout 
considered the point of view of vendors and showed that in general it might be preferable for a 


vendor to post discounts if other vendors post discounts. Edelman et al. j I dclman_et al.(201 l)_Edelman, Jaffe, am 
characterize the effect of discounts on customer acquisition. 

Our work is also related to an established line of research on matching models and al¬ 
location mechanisms. Such models have received considerable attention by computer scien¬ 


tists [Israeli et al.(2010)Israeli, McCubbins, Paturi, and Vattani], [Kanoria et al.(201 l)Kanoria, Bayati, Borgs, 


[Pettie and Sanders(2004)|, [Roth et al.(1993)Roth, Rothblum, and Vate| and economists [Ashlagi et al.(2011 ) t 


|Gale and Shapley(1962)[, [Hatfield and Kominers(2010)[, [Hatfield and Milgrom(2005)], [Roth and Sotomayc 


jRoth( 1984)] , as they constitute the abstraction of real world strategic scenarios such as retail 
markets, the labor market, college admissions, and the assignment of residents to hospitals. 


II. The model 

We consider a market M. consisting of a set of N buyers B and a set of M vendors S. Each 
vendor sells items (or products) of c types denoted by 1 ,..., c, and we assume supplies are 
unlimited. Let C = c}. Each buyer is willing to purchase a single unit of each item type, 
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possibly from two or more different vendorqj. As a remark, a vendor s± G S, called the null 
vendor , might represent the choice not to buy (i.e., buyer b choosing item k from s_l means that 
b does not buy item k). In what follows, prices, discounts and valuations corresponding to such 
vendor will be pointed out. Let S c denote the cartesian product of c copies of S. 

An allocation is a set of tuples p C B x S c such that each b e B appears in exactly a single 
tuple. An allocation represents buyers’ choices and, for s = (si, s 2 ,..., s c ) G S c , ( b,s ) G /i 
denotes that b G B purchases item k from vendor s k for k — 1,..., c. We write p(b) = s, and 
p k (b) = s k for k G C. 

Given an allocation p, for each s G S c , let p(s) = {b G B : p(b) = s} be the set of buyers who 
purchase item k from vendor s k for all k G C, and let n(s) = |/)(s)| be its cardinality. Given a 
allocation p, for each s G S and k G C, let p k (s) = {b G B : p k (b) = s} be the set of buyers who 
purchase item k from vendor s and n k (s) = |/l A (s)|. We refer to n(s) = (n 1 (s),..., n c (s)) G N c 
as the demand vector of vendor s (where N is the set of nonnegative integers). 

Price schedules: Vendors are nonstrategic. The prices offered by a vendor are determined 
by her demand vector, according to a price schedule defined as follows. Each vendor s G S 
has a base price p k for each item k G C (we let p k ± = 0 for the null vendor s_l). Moreover, s 
activates discounted prices on the bundle of all items C when certain thresholds are met, as we 
explain next. Let p = V a , gC . p k the base price of all items offered by s. We assume that s has 
h vectors Tj(s) = (r/(s),... ,rf(s)) for i — 1... h, called the demand thresholds vectors of s, 
such that r k +1 (s ) > r k (s) and r m( s ) > 12k£C T i( s ) for all A; G G and i — 0... h — ljj 

Let r 0 (s) = (0,..., 0). Let 7i(sj_) = (oo,..., oo) for the null vendor s±. We also assume that s 
has h prices ps' 1 for i — 1... h such that pi +V> < pi' for all /' = 0 ... h — 1. Different vendors 
might have different values of h. 

Given a allocation p, with corresponding demand vector n(s) = (n ] (s ),.... n c (s )) for vendor 
s, s offers the bundle of all items C at a cumulative price ps 1 where 

i* = max{i : n k (s ) > rf(s),Vfc G C}. 

0<i<h 

2 We do not make any assumption about the nature of the products, which are not assumed to be complements or substitutes. 
We only assume that buyers assign zero or negative valuation to sets of products involving multiple units of any single item. 

’The constraints on the demand thresholds can be written as r l (^ 1 (s) > r/'fs) for all k £ C and Ti +1 (s) > r,f (s) for some 
keC. 
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That is, s offers the bundle of all products at the price corresponding to the largest demand 
threshold vector that is met component-wise. 

If s activates one of her discounts, then a buyer b such that p k (b) = s for all k G C (i.e., b 
buys all items from s ) pays a price pt } instead of pi 0 ' 1 . 

Let 

T( p) = {s G S : 3i > 0 s.t. n\s ) > r k (s),Wk G C} C S 


be the set of vendors who activate a discount under the allocation /i. 

Market prices: An allocation p determines market prices for each set of product types and 
each vendor. Given p, for each s G S and x C C, let p%(x) denote the price at which s offers 
the set of items x. We have that 


Ps (x) = 


P . 


(i*) 


x = C : se T(p), 


E k ,cP k s otherwise, 


( 1 ) 


where the definition of the index i* for vendor s is given above, and corresponds to the largest 
threshold that is met. In other words, vendor s offers the items in set x at the sum of their base 
prices unless x corresponds to the bundle of all items and a discount threshold is met. 

Similarly, an allocation // determines market prices for each buyer. Given /i, for each b G B. 
let p% denote the price that b pays. We have that 


j pP if p k (b) = s Vk G C,s G T(p), 

P b = \ , (2) 

[ EkecP^ib) otherwise, 

where the definition of the index i* for vendor s is given above. 

The market price paid by buyer b can be seen as the sum of the market prices it pays to each 
vendor s. Letting Xb(s) = {k G C : p k {b ) = s} be the set of items b purchases from s, 


Pb = ^PsMs))- 

ses 


Each vendor s receives a total pay that is the sum of the market prices paid to it by each 
buyer, 

J^PsMs))- 

beB 
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Utility: Each buyer b G B has a valuation for each possible product choice s G S c . The 
valuation v b of buyer b e B is a mapping from S c to M + , such that, for s = (si,..., s c ) G S c , 
Vb(s) is the valuation b assigns to purchasing product k from vendor Sk for each k G C. For 
each b G B, let v b (s) = 0 for s = (s ±,..., sj_) (i.e., the choice not to buy any item has zero 
valuation). Buyers express their valuations in term of the maximum price they are willing to pay 
for sets of products. That is, v b (s) represent the maximum price b is willing to pay for product 
choice s. 

Given an allocation p, each b G B has a quasi-linear utility function given by 

WbO) = v b (p (&)) -p$, 

where is the market price paid by b under the allocation p. Buyers play strategically, and 
each tries to maximize her utility. 

Social welfare: The social welfare SW(p ) of an allocation p is the sum of all buyers’ 
utilities. 

SW(p) = 

b£B 

We are interested in allocations that maximize the cumulative utility of buyers. 

Definition 1: Allocation p is social welfare maximizing (SWM) if SW(p ) > SW(p') for 
every allocation p!. 

In general, given a SWM allocation and the resulting market prices, one or more buyers might 
prefer to deviate from their product choice by strictly increasing their utility. As our goal is to 
show that SMW allocations can be sustained, we turn our attention to pricing schemes in which 
buyers can pay prices that are higher or lower than market prices. 

As a remark, social welfare maximization depends on both allocation and base prices. In this 
work, we consider fixed base prices and we drop the dependency of social welfare maximization 
on the base prices. 

Implemented price: Given her product choice, a buyer might be willing to pay a price 
higher than the market price, as long as the difference between her valuation and the price 
paid is nonnegative (and larger than that corresponding to alternative choices). To illustrate this, 
consider a scenario in which the best option for buyer b is to buy all items from vendor s at a 
discounted price. In order to purchase the desired products at a low price, b might be willing to 
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bear some of the cost incurred by other buyers purchasing one or multiple items from s, which 
would otherwise choose other vendors. 

Consider an allocation p with market prices for buyers p%. For each b £ B, let p b be the price 
paid by buyer b. pb might differ from the market price p\’ r We let 

Pb = Pb+ Ap b , 

where A p b is b’s price difference with respect to p b . Let p denote the vector of prices paid by 
all buyers. We refer to the pair (p,p) as an allocation-price pair. The utility of b under (//. p) is 
given by 

u b (p,p) = v b (p{b)) -p b = v b (p (&)) - (p£ + A p b ). 

Let A p denote the vector of price differences for all buyers. Given an allocation /i, we ask 
whether there exist prices p such that (p,p) is stable, according to a suitable notion of stability. 
We restrict our attention to price vectors such that J2 bel3 Pb = J^besPb- As a remark, prices p 
are not equivalent to buyers becoming intermediaries. In fact, a buyer might in general pay a 
price difference A p b that is a fraction of the amount needed by another buyer, and a buyer might 
benefit from A p b > paid by multiple other buyers b'. 

Stability: We consider a notion of stability which looks at deviations by single buyers. 
As a remark, stability considers an allocation-price pair (p,p) rather than an allocation only. 
The proposed notion of stability is suitable for a setting in which prices are determined by 
buyers’ choices and buyers cannot enjoy discounts after deviation. This assumption is in line 
with common group buying platforms, where buyers are given limited time to sign up to a 
discount offer. Given an allocation-price pair (p,p), there are two ways a buyer b can deviate 
from it. First, b might deviate by changing her product choice (resulting in allocation p! such that 
p'{b) ^ ^(b) and p'{b') = p{b') for each b' pb b). In this case b’s utility would be given by the 
difference between her valuation of the newly chosen product set and the price paid. We assume 
that, after deviation, b has A p b = 0 (as A p b pb 0 would not constitute an unilateral action by 
b) and cannot enjoy any discount (as other buyers might not allow b to enjoy discounts without 
paying A p b > 0). Therefore, we assume that after deviation, b pays the base price of the chosen 
products. Second, b might deviate by refusing to pay the price difference A p b , in full or in part. 
A buyer b who enjoys a discount from s e T (/x) can benefit from other buyers purchasing from 
vendor s as they can trigger a lower price for b. In this case, b’s payoff after deviation assumes 
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that buyers loose incentive to buy from vendor in s, resulting in a price increase. That is, we 
assume that a reduction of A p b by b results in the deviation by both subsidized (A p b < 0) and 
non-subsidized (A p b > 0) buyers purchasing from s. This assumption is motivated by the facts 
that buyers are unaware of each other’s valuations and therefore of the total amount of subsidy 
needed to sustain a discount, or that a buyer refusing to pay subsidy might be banned from 
enjoying a discount. In addition, it does not affect the validity of our results. In fact, without 
loss of generality, we can restrict our attention to pairs (/x, p) such that no buyer b receives more 
then the subsidy needed (i.e., ay(//) |), and if a buyer b' drops (part of) its subsidy then the 
current allocation cannot be sustained. 

Letting p and //' be respectively the allocation before and after defection by b, we have that 
u b (p') = v h {p'(b)) - Ysk£cP k n*( b y in both cases of ^(P) ^ p(b) and p'(b) = p(b). That is, the 
buyer who deviates pays the base prices for the products she chooses to purchase. The following 
definition formalizes the notion of stability just presented. 

Definition 2: An allocation-price pair (p, p ) is stable if no buyer can unilaterally and profitably 
deviate from it. That is, for all b G B, u b (p,p) > u b (p') for each p' such that p'{b') = p(b') for 
each b' ^ b. 

Given allocation p, let ul(p) be the maximum utility b can achieve by deviating from p, and 
let <7 b (p) = u b (p ) — ul(p) be the surplus of b under p. If o b (p) < 0 then b needs to receive a 
subsidy (A p b < 0) in order not to deviate from p(b) to her best alternative. If a b (p) > 0 then b 
might be willing to pay a subsidy to induce certain buyers not to deviate from p. 

Definition 3: Given market M. and allocation p, a price vector p is stabilizing if the allocation- 
price pair (p,p) is stable. 

Given a SWM allocation p, the existence of stabilizing prices is trivial to prove. 

Observation 1: For any market M. and any SWM allocation p, there exist stabilizing prices 

p. 

We prove Observation Q] by contradiction. Let x = J2b-a h (/,)>o a h(v) be the total subsidy available 
under p, and let y = Yhb-a h (p)<o be the total subsidy needed. Assume there are no 

stabilizing prices, that is, x < y. An allocation in which each b such that u b {p) < 0 switches 
to her best alternative has social welfare at least SW(p) + y — x > SW(p), generating a 
contradiction. Observe that, maximizing the social welfare is sufficient but not necessary for the 
existence of stabilizing prices (see counterexample in Section IYIIII) . 
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Rational and fair prices: We are not interested in arbitrary prices, as they could be undesir¬ 
able for certain buyers. Observe that not all buyers are willing to pay A p b > 0. Under allocation 
p, a buyer b is willing to pay A p b > 0 to other buyers only if the price paid by b under /i is 
strictly smaller than the sum of the base prices of the chosen items (i.e., b buys all products from 
a single s G T{p)) and b has positive surplus (a b (p) > 0). Moreover, a buyer is willing to pay 
A p b > 0 only to benefit other buyers V that need a subsidy (cr b (p) < 0) and purchase at least 
one product from s, therefore contributing to its demand vector. In particular, b is willing to pay 
a price difference A p b < a b (p) to benefit all such buyers b' . If there is no buyer b' such that 
s G p(b') and a b fp) < 0, then A p b = 0. In light of this, the notion of stability of Definition [2] is 
not enough to guarantee that a stable allocation-price pair (p,p) is desirable to buyers. Therefore, 
we look at price vectors p that are rational in the sense that buyers pay premiums with respect 
to a discounted price only to subsidize buyers that contribute to the activation of the discount. 

In addition, if two buyers purchase the same items from the same vendors and have the same 
surplus, it would be undesirable for one of them to pay a higher price difference than the other, 
a principle that is encoded in our definition of fairness. We consider the following definitions 
of rationality and fairness. 

Definition 4: Given an allocation p, a price vector p is rational if, for each buyer b, A p b > 0 
only if a b (p) > 0 and p k (b) = s for all k G C for some s G T(/i), and there exists b r such that 
crfe/(/i) < 0 and s G p(b'). 

Definition 5: Given an allocation p, a rational price vector p is fair if for each b. // G B such 
that p(b) = //(//), aifii) > 0 and o b fp) > 0, the price differences A p b and Ap b i paid by b and 
b' are proportional to a b (p) and cr' b (p). 

Our main result (Section Hill) states that, given a SWM allocation p, there exists price vector 
p that is rational according to Definition 0] and such that the pair (//, p) is stable according to 
Definition [2l In Section [TV] we focus on the computation of rational price vectors that are fair 
according to Definition [5] 

Transferable utility: The price differences A p b can be interpreted in terms of transferable 
utility. That is, we assume that utility is transferred between buyers. Let t b ^ b ' denote the 
transfer from b G B to V G B. Let t denote the vector of transfers between all pairs of 
buyers. The following definition of consistency between price and transfers defines a one-to- 
many correspondence between price vectors and transfer vectors. That is, t uniquely defines A p 
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and therefore p. 

Definition 6: Given allocation p and price vector p, a transfer vector t is p-consistent if and 
only if 



for each b E B. 

Proposition 1: Given allocation p and price vector p, there exist p-consistent transfer vector. 
Given allocation // and transfer vector t, there is unique price vector p such that t is p-consistent. 
The proof is given in Section IVII1 Therefore, A p b can be written as 



for a suitable p-consistent transfer vector t. The utility of b under (//, p) can be written as 



We say that a transfer vector is stabilizing if the corresponding price vector is stabilizing. 

Definition 7: Given market M. and allocation //, let t be a transfer vector and p be the unique 
price vector such that t is p-consistent. t is a stabilizing transfer vector if p is a stabilizing price 
vector. 

The following proposition guarantees that finding stabilizing transfers is sufficient to find stabi¬ 
lizing prices, provided that prices are computed according to the expression given in Definition Q] 
The proof follows from Proposition Q] and Definition [7] and is therefore omitted. 

Proposition 2: Let f be a p-consistent transfer vector. If t is a stabilizing transfer vector then 
p is a stabilizing price vector. 

The notions of rationality and fairness introduced above can be extended to transfers. Consider 
buyers b and b' such that b buys all products from a single vendor s E T(/i), cr b {p) > 0 and 
a b '(p) < 0. If s ^ p(b') then t b ^ = 0 as b' does not affect the price p^. If s E p(b') then 
t b ^y can be positive. In particular, b is willing to pay a cumulative transfer of at most cr b (p) to 
all such buyers b' . The reason is that these buyers might be necessary to trigger the discount b 
currently benefits of, and they might deviate if they do not receive any transfer. 

Definition 8: A transfer vector t is rational if, for all b,b' E B, t b _ rh > > 0 only if a b (ji) > 0, 
o b :{p) < 0, p k (b) = s for all k E C and s E p(b') for some s E T(p). 
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Definition 9: A rational transfer vector t is fair if for each b,b' G B such that //( b) = /i(b'), 
a b (p) > 0 and ov(//) > 0, the transfers paid by b and b' are proportional to cr h (ji) and cr' b (p). 

The next two propositions guarantee that rationality and fairness of a p-consistent transfer 
vector imply rationality and fairness of p. The proofs follow from Proposition Q] and Definition [8] 
and [9] and are therefore omitted. Therefore, finding rational and fair transfer is sufficient to find 
rational and fair prices, provided that prices are computed according to the expression given in 
Definition [U 

Proposition 3: Let f be a p-consistent transfer vector. If t is a rational transfer vector then p 
is a rational price vector. 

Proposition 4: Let t be a p-consistent transfer vector. If t is a rational and fair transfer vector 
then p is a rational and fair price vector. 

III. Existence of rational and stabilizing prices 

Our main result states that, maximizing the social welfare is sufficient condition for the 
existence of rational and stabilizing transfers. 

Theorem 1: For any market A4 and SWM allocation //, there exist rational and stabilizing 
transfers. 

Proposition [U Proposition [2] and Proposition [3] imply the following corollary, which guarantees 
that prices can be computed according to the expression given in Definition [Q 

Corollary 1: For any market M. and SWM allocation //, there exist rational and stabilizing 
prices. 

For each s G T(p), let 

V{s) = {b e B : p k (b) = s VkeC, a b {p) > 0} 

be the set of buyers who purchase all items from vendor s (at a discounted price) and have 
positive surplus. For s ^ T(p) let V(s) = 0. Each b e V(s) is willing to pay transfers up to 
<Jb{p) to buyers who have negative surplus and purchase at least a product k G C from s, for a 
total of 

p ( s ) = 5Z ab ^- 

bev(s) 

For s ^ T(p), let P(s) = 0. 
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For each subset of vendors x C S, let 

Af(x) = {b G B : p k (b) G x} Vfc G C, a b (p) < 0} 

be the set of buyers who purchase items from all and only the vendors in x and have negative 
surplus. Observe that Af(x) = 0 for all |x| > c, so we will implicitly assume \x\ < c. In order 
not to deviate from /i by switching to her best alternative, each b G AF(x) must receive a transfer 
of — a b (p), for a total of 

N(x) = - 

b£j\f(x) 

According to Definition [8l given rational transfers t, if b G V(s) and b' G Af(x) for some 
x C S such that s x then t b ^y = 0. 

As a remark, given a SWM allocation /x, if s f. T(n) for all s G x C S then Af(x) = 0, 
otherwise, allocation with higher social welfare is obtained if buyers Af(x) switch to their best 
alternatives £ 

Group transfers: In the proof of Theorem Q] we will consider transfers between groups of 
buyers rather than transfers between single buyers. This is enough as transfers between single 
buyers can be computed from group transfers in arbitrary ways (we provide a computationally 
efficient way which also guarantees fairness in Section ITV-BI) . In particular, for s G S and x C S, 
let 

E E tb-+V 

be'P(s) b'£j\f(x) 

be the total transfer from buyers V(s) to buyers Af (x). If transfers t are rational then t s ^ x = 0 
whenever s x (and the group transfers are said to be rational). To prove Theorem [Q we need 
to show that there exist group transfers t such that 


P(s)>E raa U Vs G 5 


(3) 


N ( x ) = Eser ts-KB Vx c s 

t s ^x = 0 S ^ X. 

The first two constraints require that the allocation // can be stabilized by group transfers i, while 
the third constraint requires t to be rational. Group transfers i satisfying ([3]) are said rational 
and stabilizing. We consider the following definition of cross-transfer. 

4 In particular, if s ^ T(/it), then Afffs}) = 0. Buyers A/”({s}) are the ones who purchase all items from s and have negative 
surplus. When we restrict our attention to rational transfers, buyers A/’ffs}) can only receive transfer from buyers V(s). 
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Definition 10: For s G S and x C S. group transfers t s ^ x is a cross-transfer if s x. 

Group transfer i are rational if all cross-transfers are zero. Transfers t (between buyers) are 
rational if and only if all cross-transfers (between groups) are zero. 

Group transfers t and t' are equivalent if buyers V{s) pay the same transfer and buyers AT lx) 
receive the same transfer under t and t'. 

Definition 11: Group transfers i and t' are equivalent if 


XzCS ^s^-x X 

X 


xCS L s^x 


sCS ts^x= XseS 


Vs G S 
VxCS. 


Proof of Theorem [7} We assume /i is a SWM allocation. We proceed by contradiction, 
making the following assumption. 

Assumption 1: There are no stabilizing and rational group transfers t. That is, for any stabi¬ 
lizing group transfer t, there are no equivalent and rational group transfers t'. 

Given a SWM allocation p and stabilizing group transfers t, we construct a graph G(f) (called 
the cross-transfer graph ) which encodes all cross-transfers in t and has no edges if and only if 
group transfers t are rational. We then show that, given group transfers t, there exist equivalent 
group transfers t' such that the corresponding graph Gif') is directed and acyclic. Assumption Q] 
implies that any such G{t') has edges, and we complete the proof by showing that allocation p' 
with SW (//) > SW(p) can be obtained, generating a contradiction with the assumption that p 
is a SWM allocation. 

Definition 12: Given group transfers t, the cross-transfer graph G{t) is the directed graph 
with node set equal to S, and directed edge (s, s') if and only if there exist x C S such that 

s £ x, s' G x, t s ^ x > 0. 

In words, in G(t) there is an edge from s e S to s' E S if buyers V(s) pay a cross-transfer 
to buyers Af(x) for some x C S such that s ^ x, s' E x. An example of cross-transfer graph is 
given in Figure [Q 

The following results state that rational group transfers correspond to cross-transfer graphs 
with no edges, and that we can restrict our attention to directed acyclic graphs. 

Lemma 1: Group transfers t are rational if and only if Gift) has no edge. 

Lemma 2: Given group transfers t, there exist equivalent group transfers t' such that the 
corresponding cross-transfer graph Gift') is acyclic. 
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Fig. 1. Example of a cross-transfer graph. Assume that S = {si, s 2 , S3, S4}, and that the only nonzero cross-transfers are 
> 0 for x' = {S3, S4} and > 0 for x" = {S4}. According to Definition QT] G(t) has nodes {si, s 2 , S3, S4} and 

directed edges {(si, s 4 ), (si, s 4 ), (s 2 , s 4 )}. 


The proof of Lemma Q] follows by the definition of cross-transfer graph and is therefore omitted. 
The proof of Lemma [2] is given in Section [DD 

Without loss of generality, consider stabilizing group transfers t and assume that G(t) is a 
directed acyclic graph. By Assumption Q] there are no equivalent group transfers t' such that 
G(t') has no edge. A vendor s G S is called a source node if there is no edge (s', s) in G(t'), 
and an internal node otherwise. Let S SRC C S be the set of vendors corresponding to source 
nodes in G(t'). Let S JN C S be the set of vendors corresponding to internal nodes in G(i'). Let 

U IN = (J{Af(x) s.t. X c S IN } 

be the set of buyers who purchase products only from vendors S 1N (and possibly some product 
from the null vendor syj and have negative surplus. By Lemma [2] we can assume without loss 
of generality that all buyers who receive transfer purchase products only from vendors S IN . Let 

V IN = |J{P(s) s.t. s e S IN } 

be the set of buyers who buy all items C from a single vendor in S 1N and have positive surplus. 
Similarly, let 

V SRC = (Jm*) s.t. * e 

According to G(t'), buyers V 1 Y are not able to pay the total amount of transfer needed by 
buyers Af IN , and additional transfer from p SRC is needed (observe that the latter buyers get no 
benefit from the product choice of buyers Af IN ). Under Assumption Q] letting 

x = ab and Y = - X] 

bev IN beM IN 
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be the amounts of transfer made available by V 1N and needed by Af IN respectively, we have 
that X < Y. Consider the allocation /i' in which all buyers A f IN and V IN deviate to their 
best alternative^. Buyers Af IN incur a cumulative gain of at least Y (the gain would be strictly 
greater than Y if some new threshold is activated for these buyers, after deviation^]). Buyers V IN 
can either gain or loose utility after deviation, but each cannot incur a loss larger than 07 , (/x), 
resulting in an upper bound of X on the cumulative loss 0 Buyers V SRC cannot loose utility, as 
no buyer deviates from sellers S SRC as we consider deviations by buyers Af 1N . All remaining 
buyers are the ones in Af(x) for x C S such that x fl S SRC ^ 0 (i.e., buyers with negative 
surplus who do not buy all items from S IN ) and all buyers with nonnegative surplus who are 
not enjoying any discount. Since these buyers do not enjoy the discounts by vendors S IN , they 
cannot loose utility in // with respect to /i. We have that SW(/a') > SW(fi)+Y — X > SW (/i), 
generating a contradiction with the assumption that /i is a SWM allocation. 

IV. Computation of rational, fair and stabilizing prices 

Given a market Xi and a SWM allocation /i, Theorem Q] guarantees the existence of rational 
and stabilizing transfers, and Corollary HI guarantees the existence of corresponding buyers’ 
prices. In this section we present an efficient procedure to compute rational and stabilizing 
transfers that are also fair according to Definition [9] Then, Proposition Q] and Proposition [4] 
guarantee that buyers’ prices that are fair according to Definition [5] can be computed via the 
expression given in Definition [ 6 } 

A-Pb = 

beB 

Recall that N, M and c are the numbers of buyers, sellers and product types, respectively. We 
assume that a SWM allocation /x is given, and we proceed as follows. In Section ITV-AI we show 
how to compute rational and stabilizing group transfers t s ^. x from V{s) to Af{x) for all s E S, 


Allocation A is the results of a deviation from fi by multiple buyers. We do not directly use this deviation to proof the 
stability of allocation-transfer pair (whose definition looks at unilateral deviations). We use \x to derive a contradiction on the 
assumption that p is a SWM allocation. 

6 Even if for the sake of stability buyers cannot enjoy discounts after deviation, here we consider that discount thresholds 
might be triggered as we are interested in computing the social welfare of \x . 

7 It is necessary to assume that also buyers V IN deviate to their best alternatives, as their surplus <Jb(Y) depends on their best 
alternatives given the allocation-transfer pair (/r, t). 
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x C S (|.x-1 < c), via the max-flow Ford-Fulkerson algorithm on a flow network such that feasible 
flows are in one-to-one correspondence with rational group transfers. Let T = M x N(x) be the 
total transfer needed by buyers with negative surplus (that is, all b such that cr fa (/x) < 0) and 
who are not purchasing both items from the same vendor. Assuming that prices and valuations 
are constant in N and M, and observing that j U x M(x)\ < N, we have that T = O(N), and 
rational and stabilizing group transfers can be computed in time 0(TM c ) = 0(NM c ). 

Given rational and stabilizing group transfers, in Section ITV-B I we show how to compute ratio¬ 
nal and stabilizing transfers, and therefore buyers’ prices that are fair according to Definition [9] 
This requires time (D(N 2 + NM c ~ l ), for an overall time (D(N 2 + NM C ). 

A. Step 1: rational and stabilizing group transfers 

We consider the following flow network Q (refer to Figure [2]). Nodes are as follows. 

- A single source node r, and a single sink node t. 

- A node v x for each x C S, |x| < c, corresponding to M(x). There are 0(M C ) such nodes. 

- A node u s for each s G S, corresponding V(s). There are M such nodes. 

Edges and capacities are as follows. 

- For each node v x , an edge from r to v x with capacity N(x). Flow from s to v x represents the 
total transfer to M{x). There are 0(M C ) such edges. 

- For each node v x , and edge from v x to u s for all s 6 x, each with capacity N(x). Flow from 
v x to u s represents the group transfer from V{s) to Mix). There are 0(M C ) such edges (as each 
node v x has at most a constant number c of outgoing edges). 

- For each node u s , an edge from u s to t with capacity P(s). Flow from u s to t represents the 
total transfer given by V(s). There are M such edges. 

Given a flow / on the network Q, f(x,y ) represents the flow from node x to node y. Let 
P{M) be the set of all feasible flows on Q and T(A4) be the set of all rational group transfers 
in the market Ml (given the SWM allocation pi). Consider the mapping uj : T(M) T(Mi) 
such that a feasible flow / e P{M) is mapped to group transfers t = ui(f) such that: 



t s ^. x = f(v x , u s ) x C S, |x| < c, s 6 S such that there is edge (v x , u s ) in Q 
t s , x = 0 otherwise. 


Observe that the capacity constraints on edges ( u s ,t),s G S imply that J2 T t s ^. x < P(s ) for all 
s e S. t is rational as in Q there is no edge (v x , u s ) for s ^ x. 
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Fig. 2 . Scheme of the flow network Q. A single node v x for a set x = {si ,S2, S 3 } C S is represented. There 
is an edge from the source r to v x with capacity N(x), to accommodate the total transfer needed by Af(x'). For 
i = 1,2, 3, there is an edge from v x to u Si with capacity N(x), to accommodate the transfer from V(si) to AT(x). 
For i = 1,2,3, there is an edge from u Si to the sink t with capacity P(si), to accommodate the total transfer from 
V{si) (transfer not only to N(x)). 


Proposition 5: The mapping u : T(Af) —> T(M) is a bijection. Let f* be a maximum flow 
on Q. Then, u(f*) defines rational and stabilizing group transfers. 

The proof is given in Section |Xl We can therefore compute rational and stabilizing group transfers 


via the Ford-Fulkerson algorithm for the maximum flow (see for example [Kleinberg and Tardos(2006)|). 
To bound the running time of the algorithm, we assume that the capacities of all edges in Q are 
integer, that is, all terms P(s) and N(x) are integer. This is the case if valuations and prices 
are multiples of the same unit (e.g., dollars or cents). For a network with n nodes, e edges, 
integer capacities, and the total capacity of the edges exiting the source equal to T, the running 
time of the algorithm is 0((m + n)T). In Q, we have that n = 0(M C ), e = 0(M C ), and 
T = Y1 X N( X )- Therefore, stabilizing group transfers can be computed in time 0(TM c ). If we 
assume that prices and valuations are 0(1) (that is, constant in the market size N, M ), we have 
that T = 0(N ) (as | U x Af(x)\ < N ) and that 0(TM c ) = 0(NM c ). 


B. Step 2: computation of buyers’ prices 

In this section we show how rational, fair and stabilizing buyers’ prices can be computed from 
rational and stabilizing group transfers. In particular, we show how to compute fair transfers 
between buyers, and buyers’ prices uniquely follow from market prices as 

Pb=Pb + Ap b =Pb + Yl tb ^ b ’- 

beB 
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Observe that each buyer b G B belongs at most to a single set V(s) for some s G S or to a single 
set Af(x) for some iC5, |x| < c. We consider the following definition of fairness, equivalent 
to Definition [9] when we restrict our attention to stabilizing transfers. 

Definition 13: Given a market A4 and a SWM allocation /i, rational and stabilizing transfers 
t (with corresponding group transfers t) are fair if, for each s G S such that V{s) 0 and each 
b G V(s), the total transfer paid by b is 



Observe that all buyers V(s) are required to pay a cumulative transfer of x to buyers 

(J x Af(x), out of an available cumulative surplus of P(s ) = J2bev(s) a b(k)- Under rational, fair 
and stabilizing group transfers t, Condition © guarantees that no buyer with cr 6 (/z) > 0 pays 
more than <j 6 (/i), and that each buyer with cr b (ji) < 0 can receive the required side-payment. 

We now present our algorithm to compute rational and fair stabilizing transfers from rational 
and stabilizing group transfers. First, t b ^,y is initialized at zero for each b, b' G B. Fair transfers 
from buyers V(s) (for a fixed s G S such that V(s) 0) are computed by algorithm A\ (in 
Table Q]), as follows. 

Assume that t s ^ x > 0 for x = x \,..., Xh (with s G Xk for all k — 1,..., h), as output by the 
algorithm in Section ITV-Al Observe that h = 0{M C ~ 1 ) as we are considering sets x such that 

|x| < c and s G x. 

For each b G V(s), at any given point in the execution of the algorithm, a b denotes b’ s 
residual surplus, that is, the amount b has still available to make side-payments. At initialization, 
let db = Ob(ji) > 0. Transfers to buyers Af(xk) are computed in phases, in increasing order of 
k. At each phase k — 0,..., h, let a — i s ^ Xk J &b(k) be the ratio between the group 

transfer from V(s) to Af{xk) and the residual surplus of V(s), and let 6 = i s ^ Xk /N(xk) be the 
fraction of transfer that Af(xk) receives from V(s), out of the total transfer from U s ' GXk V(s'). 
Algorithm Ai in Table [2] computes transfers between buyers 'P(s) to buyers Af(xk) such that 
each b G V(s) transfers oo b (jb) and each b’ G Af(x k ) receives —0o h >(n). Before increasing the 
value of k, each b G V(s) updates her residual surplus to (1 — a)o b (fi). 

The correctness of algorithm A 2 is straightforward. Given this, the correctness of algorithm 
A\ follows by observing that, for each s G S and b G V(s), b’s transfer in each instance of 
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ALGORITHM 1: Algorithm A\, transfers from buyers in V{s) 

Input: for all k = 0,..., M, <7b(p) for all b £ B. 

Initialize: tf b = Ubip) for each b £ 'P(s); 

for k = 0,..., M do 

if > 0; 

then 

s J2b£V(s) &b', 

OL t— tj—tjk/ 5; 

/3 £- tj^jk/(tj —tjk T tk—tjk')i 

Algorithm Ai with input {aijb : b £ V(s)}, {—/3<5v : 6' S A f(j, k)}\ 
for b £V(s) do 

CTb V- (1 - a)a b ; 

end 

end 


algorithm *4. 2 never exceed a b , and that for each x C S, \x\ < c and b' G M(x), b' receives a 
total of — cTh(/i) in the (at most) c instances of algorithm Ai she is involved in. 

Time complexity: Let T Al (s) and T A , 2 (s. x) be the number of operations required, respec¬ 
tively, by algorithm A\ for buyers in Vis), and by algorithm A-? to compute transfers from 
V(s) to Af{x). The total time to compute fair, rational and stabilizing transfers is T(M,N) = 
0(N*) + 'Z, eS Tj [l (8), where the first terms accounts for the initialization of t. 

We have that T A2 (s,x ) = 0(\V(s)\ + |A/”(a;)|), as during each iteration of the while loop, 
one of the indexes i and t increases by one, and each iteration requires a constant number of 
operations. 

To upper bound T Al (s), each iteration of the for loop requires 0(\V{s)\) operations to compute 
s, and T A2 (s, x) operations for the execution of algorithm A?- Therefore, the cumulative running 
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ALGORITHM 2: Algorithm A 2 , transfers from buyers in P(s) to buyers in Af(j, k ) 

Input: amounts offered {xi,..., x n } by {b hl , ...,b hn }; requested {y 1: y m } by {b kl , ...,b km }. 

Output: transfers t ki ^, kl for i = 1,..., n and £ = 1 : m 
Initialize: i = 1, l = 1; 
while (l < m) and (ye > 0 ) do 
if Xi > ye then 

thi^k e Ut\ 

Xi 4 Xi ye; 


else 


^ Xi, 

ye-^ye- x^ 
i t— i + 1; 


end 


end 


time is upper bounded by 

T(M. N) — 0(N 2 ) + E T^ 1 (s) 

sG<S 

= o(n 2 ) + y. E (T A2 ( S ,x)+omm 

sG<S |a:|<c:sGcc 

— 0{N 2 ) + E E 0(|P(s)| + |jV(x)|) 

sG<S \x\<c:s€x 

= 0(N 2 ) + E 0(Kp- l )0(\V(s)\) + E E 

sG<S sG<S |:r|<c:sG# 

= 0(N 2 ) + 0(M c ~ 1 N) + C>(iV) = C>(iV 2 + M c ~ l N) 


as E s&S l^( s )l < ^ E s6 s E|*|< c:s g* l A/ "( a; )l ^ ciV ’ and l(^ 5:s6l }l = 0(M C x ). 

The time to compute buyers’ prices from transfers is 0(N 2 ), as 


Pb = Pb+ tb ^ b '- 

b,b'GB 

Combining with the result in Section IIV-A1 fair, rational and stabilizing buyers’ prices can be 
computed in time 0(N 2 + NM C ) given a SWM allocation. 
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V. Computation of social welfare maximizing allocation 

A natural approach to compute a SWM allocation is to formulate a mixed integer program 
(see [Roth_et al.(1993)Roth, Rothblum, and Vate]) in which, for each b £ B and s £ S c , a binary 
assignment variable x^g indicates whether p(b) = s, and, for each s £ S, a binary variable z s , t 
indicates whether the demand of vendor s meets the threshold Ti(s) (and the corresponding 
discount is triggered). These would account to NM C + H integer variables, where H > M is 
the total number of discount thresholds of all vendors, and a running time exponential in this 
quantity. A relaxation of the problem by letting each assignment variable lay in the interval 
[0,1] would leave only H integer variables (and the computational complexity exponential in 
M ). However, the existence of an integral solution (corresponding to a valid allocation) is an 
open question. 


Instead, we follow a different approach, similar to [Lu and Boutil ier(2 012)|. Conditional on 
the number of buyers n(s) = |/t(s)| for each s £ S c (which we refer to as a partition of the 
buyers), we compute a SWM allocation via the Ford-Fulkerson algorithm for the max-flow with 
min-cost in time 0(N 2 M c ). Then by considering all feasible allocations (n(s) : s £ 5 C } (that 
are however exponential in M c ), we determine the SWM allocation. 

Let II = {{n(s) : s £ s c } : E se5 - n ( s ) = N} be the set of all feasible partitions, that is, 
partitions such that each of the N buyers can be assigned to a single set of vendors. 

Fix 7r £ II, and define a flow network Qi") as follows (see Figure [3]). Nodes are the following. 

- A single source node r, and a single sink node t. 

- For each b £ B, a node b. There are N such nodes. 

- For each s £ S c , a node s. There are M c such nodes. 

The edges, with corresponding capacities and costs, are as follows. 

- For each b £ B, an edge from r to b, with capacity 1 and cost 0. A unit of flow on this edge 
represents b being assigned to some product choice. There are N such edges. 

- For each b £ B and s £ S c , an edge from b to s with capacity 1 and cost —v b (s), that is, the 
opposite of the valuation buyer b gives to product choice s. A unit flow on this edge represents 
buyer p(b) = p. There are NM C such edges. 

- For each s £ S c , an edge from s to t with capacity n(s) and cost 0. An integral flow on this 
edge represents the total number of buyers choosing s. There are (M + l) c such edges. 


DRAFT 






26 



►0 1 ’~ 1,| ’ (s ' ) ► 0 -^ 1 ° 



Fig. 3. Scheme for the flow network G(n). Nodes for a single buyer b £ B and a single set s £ S' are represented. 
The cost of — Vb(s ) of the edge from h to s is the opposite of the valuation buyer b gives to product choice s. 


Feasible integral flows on Q (w) are in one-to-one correspondence with allocations conditional 
on 7T. Let /.t(/) be the allocation corresponding to flow /. Given an integral flow / on Q{i r), 
its value equals the number of buyers that are matched to vendor pairs in /i(/), and its cost 
equals the negative of the total valuation by buyers under /x(/). Every max-flow / on Q{tt) has 
value N, that is, each buyer is matched to a vendor pair under /i(/). Given n £ II, the total 
price paid by buyers is constant for each max-flow / on Q(n). Therefore, maximizing the social 
welfare of allocation conditional on n corresponds to minimizing the cost of an integral max- 
flow on G(ir). The total numbers of nodes and edges in G{ji) are respectively n = Q(N + M c ) 
and e = 0(iVM c ), and the total capacity of the edges exiting the source is T = N. Since all 
capacities are integer, the Ford-Fulkerson algorithm finds an integral max-flow with minimum 
cost in time 0(T(n + m)) = 0(iV 2 M c ). 

To determine the SWM allocation of A4, for each tt e II we need to determine, a SWM 
allocation conditional on 7r, for an overall time 0 ( N 2 M c 1111). However, this is dominated by a 
term N MC (see Section IXlh . 

Getting rid of the exponential dependency in M does not seem possible, due to the the¬ 
oretical hardness of the problem. In fact, fixed x > 0, deciding whether there exists alloca¬ 
tion fi with SW(/i) > x is NP-hard, (by a reduction from the Knapsack problem, as noted 


by (Fu and Bouti lier(2012) |). Even if computationally demanding even for small M, the pro¬ 
posed solution requires time polynomial in the number of buyers N. Our solution is significantly 
more efficient than both the exhaustive maximization of social welfare over all M cN allocations, 
and solving the integer problem above (both exponential in N). Moreover, M could in general 
be considered much smaller than N, or even constant. 


VI. Discussion 

It is an open question whether Theorem Q] holds in the case of arbitrary price schedules, 
where a vendor might have several discounted prices on sets of products, as described next. Fet 
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C = {x C C} be the partition of C (i.e., the set of all 2 C subsets of C). The price schedule p s 
of vendor s E S is a mapping from N c x C to M + (the set of nonnegative real numbers), such 
that, for n E N c and x E C, p s (n, x) is the price for the bundle of products x offered by s under 
demand n. Let p s (n, 0) = 0 for each s and n. We require that p s (m , x) < p s (n , x) for all x E C 
if m > n component-wise. Letting be the unit vector with the A>th component equal to one 
and all other components equal to zero, we refer to p k s = pjek, {A;}) as the base price of item k 
offered by s. The price paid by b under allocation p is determined as follows. For each s E S, 
let x b (s) = {k E C : p k {b) = s} be the set of items b purchases from s. Recalling that n(s) 
denotes the demand vector of s under the allocation /i, 


Pb = ^2Ps(n(s),x b (s)). 


Buyers b such that Pb < YlkecP k ^( b ) m ight be willing to pay prices larger than the market price. 

In general, incentive compatibility does not hold in the setting considered in this work, as 
buyers might benefit from misreporting their product valuations. For example, consider a SWM 
allocation p and a buyer b with negative surplus a b (p). Let v be b’s true valuation of the products 
she is matched to. If b reports a valuation of v' = v — x, for x > 0 such that p remains a SWM 
allocation under the untruthful reporting, then she can receive a higher subsidy of —a b {p) + x 
(Corollary Q] guarantees the existence of rational and stabilizing prices). We leave this issue to 
future research. 

Our definition of stability assumes that buyers pay base prices after deviation. This corresponds 


to a situation in which deviating buyers cannot enjoy discounts. Lu and Boutlier [Lu and Boutil ier(20 12) | 
proposed other notions of stability for scenarios in which buyers can enjoy discounts after 
deviation: strong stability, according to which buyers know both demands volumes and discount 
schedules of all vendors, and myopic stability, in which buyers know which discounts are 
triggered. Despite efficiency coexists with these stronger notions of stability in the case of a 


market with a single product considered in [Lu and Boutilier(2012)[, it is an open question 
whether our results for multiple-item markets extend to these notions of stability. The notion 
of stability of Definition [2] is suitable for a setting in which prices are determined by buyers’ 
choices (i.e., an allocation) and buyers cannot enjoy discounts by signing up to a new discount 
offer after deviation. 
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VII. Proof of Proposition □ 

Let Bi = {b e B : A p b > 0} and B 2 = {b G B : Ap b < 0} be the sets of buyers that pay and 
receive a subsidy, respectively. We have that 

Y A Pb = - Y Apb - 

b&B 2 

Let Bi = \B\ and B 2 = B> be their cardinality. We proceed by induction. If either B\ — l 
or B 2 = 1, then transfer t can be built in a straightforward way. Let B x > 1 and B 2 > 1, and 
assume B\ = {bi,... ,b Bl } and B 2 = {b[,..., b' B2 }. Let 

k = max | j : Y ^ ~^ Pb ' B2 1 ■ 

We have that k > 1. We let 

( tb^b B2 = Apbi , Vi G {k + 1, ..., B{\ 

\ K^b B2 = - A Pb' B2 ~ E£*+1 Apb i ’ i = k - 

The defined transfer make sure that b' B2 receives all necessary subsidy —Ap b > B . In addition, 
b k+ 1,..., b Bl pay all their subsidy to b' B2 . b k has residual subsidy if A p bk > -A p b > ~Y=k+\ A Pk 
Therefore, we reduced the problem to an equivalent problem with sets B\ and B 2 of cardinality 
B[ e {k — 1, k} < B i and B' 2 = B 2 — 1, respectively. The proof of the inductive step (and 
therefore of the first claim) follows by observing that we can similarly reduce the cardinality of 
Bi by one. 

The second claim follows from Definition [6l 

VIII. Maximizing the social welfare is not necessary for stability 

Consider a variation of the example in Section ?? above, in which b 2 s valuations are given 
by 

b 2 : v b2 (s 2 ,s 2 ) = 8, v b2 (s 3 ,s 3 ) = 1, v b2 (s 1 , = 0.5, 

The allocation p such that p{bi) = p(b 2 ) = (si,si) and p{b 3 ) = (s 3 ,s 3 ) has SW(p) = 13/2 
and is not SWM (the allocation p! such that p'{b 2 ) = p'(b 3 ) = (s 2 ,s 2 ) and p'(bi) = (si,si) has 
SW(p) = 7). However, a transfer of 15/4 from b\ to b 2 makes p stable. 
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IX. Proof of Lemma [2] 

The proof proceeds by induction. First we assume that G(t) contains a cycle of length two, 
that is edges (si,s 2 ) and (s 2 , si) for si,s 2 G S. We show that there exist equivalent group 
transfers t' such that either G(t') = G(t) — {(si,s 2 )} or G(i r ) = G(t) — {(s 2 ,si)} or G{t!) = 
G(t) —{(si,s 2 ),(s 2 ,si)}. Then, we assume that the shortest cycles in G(t) have length K > 2 
and consider such a cycle /C = si,... : sk,sk+i (with s\ = sk+ i). We show that there exist 
equivalent group transfers t' such that G(l') has a cycle of length A"—1 obtained by replacing two 
adjacent edges of K. with a single edge. This completes the proof as, by iterating the argument, 
each cycle can be reduced to a length-two cycle and finally to a single edge. 

Assume G(t) contains edges (si,s 2 ) and (s 2 ,Si). Let 

Xi = {x C S : Si <£ x, s 2 e x, t Sl ^ x > 0}, 

X 2 = {x C S : s 2 ^ x, Si G x, t S2 ^ x > 0}. 


Let 


t Sl 


x£Xi 




ts2 


EE 

X€X2 


S 2~>X 


be respectively the total amount of cross-transfer that buyers T(s\) pay to all buyers J\T(x). x G 
X\ and that buyers V(s 2 ) pay to buyers N{x),x G X 2 . 

Suppose that t si < t S2 . We define equivalent group transfers t' such that 


t' si ^x = 0 f° r eac h x E Xi, (4) 

where buyers V{s\) switch a cumulative amount of transfer t Sl from buyers N{x),x G X 1 to 
buyers N(x),x G X 2 , that is, 

s y "j = tsi + y ^ tsi—tx- ( 5 ) 

x£X 2 x£X 2 

Each group J\f(x),x G X\ receives the missing amount of transfer from buyers V(s 2 ), 


t' S2 ^. x = t S2 ^ x + t Sl ^ x for each x G X 1} 


( 6 ) 
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for a total of t si . Buyers V(s 2 ) decrease the cross-transfer to buyers Af(x),x £ X 2 by total 
amount t si , 

ts 2 ->x = ^S2 ~ t Sl • G) 

XGX 2 

The existence of equivalent group transfers t' such that ©-([7]) hold is straightforward. Observe 
that t' Si ^ x = 0 for all x £ Xi, and therefore (si, s 2 ) ^ G(i'). If t S2 — t Sl > 0 then i' S2 ^ x > 0 for 
some x £ X 2 and (si, s 2 ) £ G(t'), otherwise (si, s 2 ) ^ G(t'). The proof in the case of tsi > t S2 
similarly follows. 

Assume now that the shortest cycles in G{t) have length K > 2, and let /C be a shortest 
cycle. That is, JC is formed by edges (s;,s i+ i) for i = with sk +i = si. For each 

k — 1,..., K let 

= {x C S : s k ^ x , s k+ 1 G x,t Sk ^ x > 0}, 

= E w 

xGX k 

Without loss of generality, assume that Si e arg min Sfe t Sk , that is t Sl < t Sk for all k — 2,..., K 
(which is always true up to node relabeling). By the assumption that /C is a cycle of minimum 
length, there is no chord in G(P), that is ( s k ,Sj ) ^ G(t') if s k ,Sj £ JC,Sj ^ s k+1 . We build 
group transfers t' which are equivalent to t and such that (si, s 2 ) ^ G(t') and (s,, s i+ i) £ G(t') 
for i — 2,..., K with s K+1 = s 2 is a cycle of length K — 1 in G(t r ). 

Group transfers t' are defined such that 

t' si ^ x = 0 for each x £ X 1 , (8) 

and buyers V(si) switch a cumulative amount of transfer t Sl from buyers Af(x) : x £ X 1 to 
buyers Af(x),x £ X K , 

= *8! + tsi-tX- ( 9 ) 

X£Xk XGzXk 

Each group Af(x),x £ Xj receives the missing amount of transfer from buyers V(sk), 

t's K ^ x = t SK ^ x + i Sl ^ x for each x £ X lt (10) 
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for a total of t si . Buyers V(s K ) decrease the cross-transfer to buyers J\f(x),x E X K by total 
amount t si , 

^s k —¥x = ts K ~ tsi- ( 11 ) 

X&Xk 

The existence of equivalent group transfers F such that (l8l)-(fTTI) hold is straightforward. Observe 
that F S1 _^ X = 0 for all x E X t , and therefore (si,s 2 ) ^ G(F). Buyers V{s K ) pay a transfer of 
t Sl to groups N(x),x E X x . This last contribution is a cross-transfer as s K x, s 2 E x for each 
x E X\ because (si,sk) ^ G(t). Therefore (s K ,s 2 ) E G(F). Moreover, if t SK —t si >0 then 
t' SK ^ x > 0 for some x E X K and (s^,si) E G(F), otherwise (s K , Si) ^ G(t'). This completes 
the proof. 


X. Proof of Proposition \5\ 

It is straightforward to see that uj is a bijection, so we only prove the second part of the claim. 
Let i = c u(/*). i are rational group transfers (as to is a bijection). Suppose by contradiction that 
t is not stabilizing, that is, condition ([3]) does not hold for t. Recall that condition © reads as 

P{ S ) — Y1x:sGx^ s ^ Vs E S 
< N(x) = J2 sgx 

ts—>x 0 S ^ X. 

First, suppose that P(s) < Yh x -s& x ts^ x for some s E S. This would imply that the flow entering 
node u s is larger than the capacity of the edge ( u s ,t ), generating a contradiction with the 
feasibility of the maximum flow f*. Second, suppose that N(x) > ^2 sGx t s ^x for some x C 
S, x < c. This would imply that every flow f on Q is smaller than N(x), and therefore 
there exist no group transfers F such that N(x) = y^ ser i s ^ x \/x C S for all x C S. generating 
a contradiction with Theorem Q] (as feasible flows and rational group transfers are in one-to-one 
correspondence). Rationality of t implies that t s ^ x = 0 if s ^ x. 

XI. Computational complexity for determining SWM allocations 

We have that |II| = (, 1 ). To prove this, observe that computing |II| is equivalent to 
counting the number of ways in which N (indistinguishable) balls can be distributed among a 
sorted list of M c set. Consider a line with N+M c — 1 empty positions. There are ways 

to place M c — 1 stones on the available positions. The occupied positions (in ascending order) 
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represent the boundaries between the M c sets, and the cardinality of each set is the number of 
empty positions between two successive stones (if the first position is occupied by a stone, then 
the first set is empty; if the f-th and ((' + l)-th positions are both occupied, then the (£ + 1)-th 
set is empty). 

Using Stirling’s approximation n\ ^ (n/e) n ( 27 rn) 1 / 2 , considering M constant, we have that 


mi 


N 


+ 1 


M c +1 


M c + 1 
N 


+ 1 


N 


+ 


M c + 1 

Considering M as a constant, we need time Q(N 2 M C \U\), that is, 

M c —1 

/ l\l \ 

0 | N 2 M c . 

M c 


2n N 2n(M c — 1) 


1/2 


By the upper bound < ( en/k ) k , the time to compute a SWM allocation is 

M c - 1 N 

/ n i\i \ 

0 I N 2 M c 


eN 


M c 


dominated by a term N M \ 
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